A general notion of a quasi-finite algebra is introduced as an algebra graded by the set of all integers equipped with topologies on the homogeneous subspaces satisfying certain properties. An analogue of the regular bimodule is introduced and various module categories over quasi-finite algebras are described. When applied to the current algebras (universal enveloping algebras) of vertex operator algebras satisfying Zhu's C 2 -finiteness condition, our general consideration derives important consequences on representation theory of such vertex operator algebras. In particular, the category of modules over such a vertex operator algebra is shown to be equivalent to the category of modules over a finite-dimensional associative algebra.
Introduction
In order to construct conformal field theories on Riemann surfaces associated with a vertex operator algebra V and to obtain their properties such as the finitedimensionality of the space of conformal blocks, factorization of the blocks along the boundaries of the moduli space of Riemann surfaces and the fusion functors or the tensor product of V -modules, we need first to impose an appropriate finiteness condition on V and second to study the structure of the abelian category of V -modules to some extent.
One of the candidates of such a finiteness condition is the one introduced by Y.-C. Zhu ([Zhu] ), usually called the C 2 -finiteness (or C 2 -cofiniteness), saying that a certain quotient space V /C 2 (V ) is finite-dimensional. We will call this condition Zhu's finiteness condition in the rest of the paper. This condition was used in [Zhu] in an essential way to the proof of the modular invariance of characters of Vmodules, as well as the condition that the category of V -modules is semisimple. The modular invariance is a part of the characteristic properties of rational conformal field theories.
Another important ingredient in Zhu's derivation of the modular invariance is the use of an associative algebra A(V ), called Zhu's algebra, and a functor from the category of V -modules to the category of A(V )-modules. The fundamental result of Zhu is as follows: the functor sends an irreducible V -module to an irreducible A(V )-module in such a way that the equivalence classes of irreducibles in the two categories are in one-to-one correspondence. In particular, the number of irreducible classes is finite if A(V ) is finite-dimensional. The last property actually follows from Zhu's finiteness condition mentioned above.
However, the above-mentioned functor need not give us an equivalence of categories. Specifically, if we include the cases when the category of V -modules is not semisimple, the algebra A(V ) is not enough to understand the properties of the category of V -modules in general. In this regard, it seems to the authors that detailed analysis of the structure of the abelian category of V -modules has not yet been done. (See [DLM3] for some related results.)
The purpose of the present paper is to fill this gap by utilizing the universal enveloping algebra associated with the vertex operator algebra.
The universal enveloping algebra U = U(V ) associated with V is a certain topological algebra first considered by Frenkel and Zhu in [FrZ] . The presence of topology is inevitable as the universal defining relations of vertex operator algebras contain infinite sums. We will call U the current algebra for short in the rest of the paper. More precisely, the current algebra U is an associative algebra with unity graded by the set of integers equipped with a separated linear topology defined by a certain sequence I 0 , I 1 , . . . of open left ideals such that each homogeneous subspace U(d) is complete with respect to the relative topology. Note that the quotient space Q n = U/I n is a discrete space, which inherits a grading from U. We will denote the subspace of degree d by Q n (d). The algebra U is important in that there is a oneto-one correspondence between V -modules of certain type and continuous discrete U-modules. (See Section 6 for the precise statement.)
The authors noticed while trying to understand the category of V -modules by means of U that the finiteness property should better be imposed on U rather than on V as far as the properties of the category as an abelian category are concerned. Thus we arrived at the concept of quasi-finiteness, which is defined as follows: U is quasi-finite if and only if the spaces Q n (d) are finite-dimensional for all d ∈ Z and n ∈ N. As we will show in Theorem 9.2.1, Zhu's finiteness condition actually implies the quasi-finiteness of U.
Let us assume that U is quasi-finite. Then the spaces Q n (d) have generalized eigenspace decompositions with respect to the action of the Virasoro operator L 0 , which we will call the Hamiltonian of U. By using this, we can construct a series of finite-dimensional algebras U n and functors from the category of continuous discrete left U-modules to the category of left U n -modules which give rise to equivalences of categories when n is sufficiently large. Therefore, under the quasi-finiteness, the category of continuous discrete left U-modules as an abelian category is completely described by the properties of the finite-dimensional algebra U n .
In application to conformal field theories on Riemann surfaces, we have to enlarge the algebra U and to take into account the concept of duality of U-modules.
Therefore we consider two different topologies on U, one is the original left linear one and the other a right linear one, and take the filterwise completion U and U ∨ with respect to the two topologies. Then we may consider the left U-modules, the right U-modules, the left U ∨ -modules, and the right U ∨ -modules. We can now formulate the concept of quasi-finiteness for each of the four and can establish the equivalences or the dualities among them. We will call this type of results the finiteness theorems.
As the argument above deriving the equivalences and the dualities of categories only uses quite general properties of U and L 0 , we now postulate them: we will call a topological algebra A with a distinguished element h a quasi-finite algebra graded by Hamiltonain if it shares the same properties with U as mentioned above. (See Section 2 for the precise definition.)
The present paper is divided into two parts: Part I consists in explaining general theory of quasi-finite algebras graded by Hamiltonian and categories of modules over them and Part II in proving that Zhu's finiteness condition on V implies the quasi-finiteness of U.
The plan of Part I is as follows. We will begin by describing in Section 1 the concept of compatible degreewise topological algebras and the associated topological filtered algebras which are modeled on the topological features of U. In Section 2, we define the concept of quasi-finite algebras graded by Hamiltonian and give some consequences. In particular, we introduce an analogue of the regular bimodule and define certain finite-dimensional algebras A n . We will show that the regular bimodule is a dense subspace of the algebra (Theorem 2.5.4). Section 3 is devoted to the equivalence of categories between the continuous discrete modules, which we will call exhaustive modules, and the category of A n -modules (Theorem 3.3.4). In Section 4, we will introduce a notion of coexhaustive modules which is a dual notion of exhaustive modules and establish an equivalence between the category of exhaustive modules and the category of coexhaustive modules (Theorem 4.3.2). The duality of modules will be formulated in Section 5 as the duality between quasi-finite exhaustive left modules and quasi-finite coexhaustive right modules. We will then summarize various equivalences and the dualities for quasi-finite modules (Theorem 5.5.1).
The proof of quasi-finiteness of the current algebra U in Part II under Zhu's finiteness condition will be done by considering a certain filtration G on U, which was introduced in [NaT] , and a certain universal Poisson algebra S = S(p) associated with p = V /C 2 (V ). We will construct a surjective homomorphism of Poisson algebra from S to the degreewise completion S = S(V ) of gr G U. The quasi-finiteness of U then follows from that of S. We will call S the Poisson current algebra.
In Section 6, we will describe the construction and some properties of the current algebra U associated with a vertex operator algebra V . In Section 7, we will consider the filtration G on U and show that the associated graded algebra has a structure of a Poisson algebra. In Section 8, we will construct the Poisson current algebra S associated with any Poisson algebra p and we will show that S is quasi-finite if p is finite-dimensional (Theorem 8.3.3). In the final section, we will consider the case when p = V /C 2 (V ) and construct the surjective homomorphism Ψ : S → S of Poisson algebras (Theorem 9.1.2). We will then combine these results to show that Zhu's finiteness condition on V implies quasi-finiteness of the current algebra U (Theorem 9.2.1).
The finiteness theorems mentioned above will give us not only a nice conceptual understanding of the role of Zhu's finiteness condition in representation theory of vertex operator algebras but also a foundation in the strategy mentioned at the beginning of this introduction of constructing the spaces of conformal blocks on general Riemann surfaces and of showing their expected properties. This will be developed in our forthcoming paper, which will serve as the continuation of the previous paper [NaT] by two of the authors.
Part I Quasi-finite algebras graded by Hamiltonian 1 Linear topologies on graded algebras
In this section, we introduce compatible degreewise topological algebras and some related notions.
Preliminaries
We denote the set of integers by Z and the set of nonnegative integers by N.
Throughout the paper, we will work over an algebraically closed field k of characteristic zero. A vector space always means a vector space over k and the scalar multiplication of a vector space is denoted by juxtaposition.
An algebra means an associative algebra over k with unity. The multiplication of an algebra A is denoted by the dot · and the unity by 1 A or simply by 1. For subsets S and T of A, we denote by S · T the linear span of the elements of the form s · t with s ∈ S and t ∈ T . The action of A on an A-module M is denoted again by the dot. We always assume that the unity 1 A acts by the identity operator.
We endow the field k with the discrete topology. Let
be a decreasing sequence of linear subspaces of a vector space V . A linear topology defined by I n means a topology on V such that for each v ∈ V the set {v + I n | n ∈ N} forms a fundamental system of open neighborhoods of v. Throughout the paper, a topology on a vector space always means a linear topology given in this way. Such a space is usually called a linearly topologized vector space in the literatures.
Let V be a vector space with the linear topology defined by I n . Any subspace U which contains I n for some n is open and closed, and the quotient topology on V /U is the discrete topology. The closure of a subspace U is given by n (U + I n ) and U is dense in V if and only if the composite U → V → V /I n of canonical maps is surjective for any n.
The completion of V with respect to the linear topology defined by I n is the projective limitV = lim ← − n V /I n (1.1.2) endowed with the projective limit topology, namely the relative topology induced from ∞ n=0 V /I n with the product topology of the discrete topologies on V /I n . Let I n be the closure of the image of I n under the canonical map V →V . ThenÎ n agrees with the kernel of the canonical mapV → V /I n and the topology onV is the linear topology defined byÎ n .
The space V is said to be complete if the canonical map V →V is a homeomorphism. Thus a complete space is separated (i.e. Hausdorff) in our convention. If V is complete then the closure of a subspace U is given bŷ
and for a closed subspace F the quotient space V /F with the quotient topology is also complete.
We refer the reader to [Bou] , [EGA] and [Mac] for linear topologies.
Compatible degreewise topological algebras
Let A be an algebra and suppose given a grading
We simply call such an A a graded algebra. Let us set
where p is an integer. We call the filtration F the associated filtration and F ∨ the opposite filtration.
Let A = d A(d) be a graded algebra and suppose given a linear topology on each A(d). In such a situation, we will say that A is endowed with a degreewise topology. We assume that the multiplication maps A(d) × A(e) → A(d + e) are continuous. We will say that A is degreewise complete if each A(d) is complete. Now consider the subspace
and let I n (A(d)) be its closure in A(d). We assume that the sequence {I n (A(d))} forms a fundamental system of open neighborhoods of zero in each A(d).
Definition 1.2.1 A compatible degreewise topological algebra is a graded algebra A endowed with a degreewise topology such that all the conditions mentioned above are satisfied. A compatible degreewise complete algebra is a compatible degreewise topological algebra A such that it is degreewise complete.
Let A be a compatible degreewise topological algebra. Since the multiplication maps A(d) × A(e) → A(d + e) are continuous, we have
(1.2.4) Therefore, for a ∈ A(d) and b ∈ A(e), we have In the sequel, we will use the following terminologies: a graded subspace is said to be degreewise dense if each homogenesous subspace is dense; the sum of the closures of the homogeneous subspaces of a graded subspace U is called the degreewise closure of U. Note 1.2.2 Let A be a graded algebra endowed with a degreewise topology. In general, there is no canonical way of extending the topologies on the homogeneous subspaces to the whole space A which makes A into a topological algebra.
Degreewise completion
Let A be a compatible degreewise topological algebra. Set For instance, let A = d A(d) be any graded algebra. We endow the space A(d) with the linear topology defined by A(d) ∩ (A · F −n−1 A). Then A becomes a compatible degreewise topological algebra and the degreewise completionÂ is degreewise complete. We call this degreewise topology on A the standard degreewise topology and the algebraÂ the standard degreewise completion. Note 1.3.2 Giving topologies on the homogeneous subspaces of a graded algebra in the way described above was considered by some authors, see e.g. [FeF] , [Kac] , [FrZ] , [Mal] , [LiW] .
Associated filtered topological algebra
A topological algebra is said to be left linear if the topology is a linear topology defined by a sequence of left ideals. Right linearity is defined similarly.
Let A be a compatible degreewise topological algebra. Let us endow the algebra A with the associated filtration F. Consider the left ideal I n (A) of A defined by
(1.4.1)
By the compatibility of A, the space I n (A) is the degreewise closure of A · F −n−1 A. Let us endow the space A with the topology defined by I n (A). Then the relative topology on A(d) induced from A agrees with the original topology on A(d). For any a ∈ F p A and b ∈ F q A we have
Hence the multiplication A × A → A is continuous. In particular, as I n (A) are left ideals, A is a left linear topological algebra. We simply call this topology the left linear topology of A.
Now consider the opposite filtration F ∨ and set
The space I The left linear topology and the right linear topology on the same algebra A do not agree with each other in general although the restrictions to A(d) are the same.
Filterwise completion
Let A be a compatible degreewise topological algebra. Let us endow A with the left linear topology and let F p A be the completion
with the projective limit topology. Then the multiplication
Consider the space
and give it the linear topology defined by
Then, for any a ∈ F p A and b ∈ F q A, we have
Thus the space A becomes a filtered left linear topological algebra such that the subspaces F p A with the relative topologies are complete and that the image of A under the canonical map A → A is a dense subspace of A. We call A the left linear filterwise completion of A.
Now consider the right linear topology on A and the corresponding filterwise completion
(1.5.5)
We will call A ∨ the right linear filterwise completion of A. If A is degreewise complete then the canonical maps A → A and A → A ∨ are injective. We will then identify A with its images. Thus we have two inclusions
such that the relative topologies on each A(d) induced from A and from A ∨ agree with the original topology of a compatible degreewise topological algebra. Note that the filterwise completions A and A ∨ are not complete in general.
Hamiltonian of a graded algebra
Let A be a graded algebra. An element h ∈ A is called a Hamiltonian of A if
If this is the case then any central element as well as h itself belongs to A(0) and an element h ′ is a Hamiltonian if and only if h − h ′ is central. An algebra graded by Hamiltonian is a pair (A, h) of a graded algebra A and a Hamiltonian h ∈ A(0). We will denote by H the subalgebra of A(0) generated by the Hamiltonian h. Remark 1.6.1 Let (A, h) be a compatible degreewise complete algebra graded by Hamiltonian. Then the images of the canonical injections (1.5.6) are given respectively
where
In the rest of Part I, we will be mainly concerned with a compatible degreewise complete algebra with Hamiltonian.
Quasi-finite algebras
In this section, we will formulate a finiteness condition on compatible degreewise complete algebras and describe its consequences. In particular, we will formulate an analogue of the regular bimodule as a degreewise dense subspace of the algebra.
Canonical quotient modules
Let A be a compatible degreewise topological algebra and recall the spaces I n (A). We set Q n = A/I n (A).
(2.1.1)
Since I n (A) is a left ideal, the quotient Q n is a left A-module. We will call this module the left canonical quotient module. By (1.2.4), we have I n (A) · F 0 A ⊂ I n (A). Hence the multiplication A × F 0 A → A induces an action of F 0 A on Q n for any n. Thus the space Q n is an (A, F 0 A)-bimodule. In particular, it is an (A(0), A(0))-bimodule.
Since I n (A) is a graded subspace, the grading of A induces a grading on the quotient by setting
Note that the action A × Q n → Q n is continuous when A is endowed with the left linear topology and Q n with the discrete topology.
We may likewise consider the right canonical quotient module Q
We have analogous statements for the right canonical quotient modules as well. By the definitions of the filterwise completions A and A ∨ , the spaces Q n and Q ∨ n are canonically isomorphic to the spaces A/I n (A) and
Quasi-finite algebra graded by Hamiltonian
Let A be a compatible degreewise topological algebra. Let us consider the subspace A(0) of degree zero, which is a subalgebra of A. Then I n (A(0)) and I ∨ n (A(0)) agree with each other and they give a two-sided ideal of A(0). Therefore, the quotient Q n (0) = A(0)/I n (A(0)) is an algebra.
Let h be a Hamiltonian and let h n be the image of h in the quotient Q n (0). Let H n be the subalgebra of Q n (0) generated by h n . By Lemma 2.2.1, the space Q n (d) is in particular an (H n+d , H n )-bimodule.
Definition 2.2.2 A weakly quasi-finite algebra is a compatible degreewise complete algebra such that Q n (0) are finite-dimensional for all n. A weakly quasi-finite algebra graded by Hamiltonian is a pair (A, h) of a weakly quasi-finite algebra A and a Hamiltonian h of A.
Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian and let h n and H n be as above. Then H n is a finite-dimensional commutative algebra for any n ∈ N. This last property is what we will need in practice in considering a weakly quasi-finite algebra graded by Hamiltonian. Now let us consider the following conditions for each d:
Thanks to the relation (1.2.6), these conditions are actually equivalent.
Definition 2.2.3 A quasi-finite algebra is a compatible degreewise complete algebra such that the equivalent conditions (a) and (b) above are satisfied for all integers d. A quasi-finite algebra graded by Hamiltonian is a pair (A, h) of a quasi-finite algebra A and a Hamiltonian h of A.
Spectrum of the Hamiltonian
Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian and recall the image h n of h in Q n (0). We let ϕ n be the minimal polynomial of h n and let Ω n be the set of roots of ϕ n . Then the set Ω n agrees with the eigenvalues of the left action of h on Q n (0).
Let us introduce a partial order on k by letting λ µ when λ−µ is a nonnegative integer and let Γ 0 be the set of minimal elements of Ω 0 . We set
(2.3.1)
We will also use the following notation:
Let g be the maximum of the integral differences among elements of Ω 0 :
Recall the subalgebras H ⊂ A(0) and H n ⊂ Q n (0). For any left H-module W , we denote by W [λ] the generalized eigenspace of the Hamiltonian h acting on W :
Now consider the space Proof. Let λ be an element of Ω n . Then there exists a generalized eigenvector v in Q n (0) ⊂ K n (Q n ) with the eigenvalue λ. Since v = 0 and
Let ℓ be the maximum of the multiplicities of the roots of the minimal polynomial ϕ g . Proposition 2.3.3 The multiplicities of the roots of ϕ n are at most ℓ for any nonnegative integer n.
The regular bimodule
Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian. We denote by A[λ, µ] the simultaneous generalized eigenspace of the left and the right actions of the Hamiltonian h on A:
We will call this λ the left eigenvalue and µ the right eigenvalue of h. By the definition, A[λ, µ] = 0 implies that d = λ − µ is an integer and A[λ, µ] ⊂ A(d). We also note that
It is easy to see that 
Denseness of the regular bimodule
To investigate the spaces A[λ, µ] we consider the left canonical quotient module Q n , which is an (A, F 0 A)-bimodule. Consider the simultaneous generalized eigenspaces of the left and the right actions of h on Q n :
Recall that the space Q n (d) is a (Q n+d (0), Q n (0))-bimodule. In particular, it is an (H n+d , H n )-bimodule. Hence we have
whenever e ≤ 0. By this lemma, we have the following result. 
The following is the first main result of Part I. Note that the whole space B is dense in A with respect to the left linear and the right linear topologies of A.
The associated finite algebras
Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian. We set
(2.6.1)
Then it follows from (2.4.4) that the space A n is closed under the multiplication of A. By Proposition 2.5.3, we may identify A n (0) with a subspace of Q n (0). Recall the elements 1 n and h n of Q n (0), which are the images of 1 and h under the map A(0) → Q n (0), respectively. Let
be the decompositions to sums of simultaneous generalized eigenvectors. We set
and regard them as elements of A n .
Proposition 2.6.1 The graded algebra structure on A induces a graded algebra structure on A n for which 1 An is the unity and h An is a Hamiltonian.
We set
Then P n is an (A, A n )-bimodule and P ∨ m is an (A m , A)-bimodule, which will play prominent roles in the next section.
Remark 2.6.2 The structure of an (A, A n )-bimodule on P n prolongs to a structure of an (A, A n )-bimodule and the structure of an (A m , A)-bimodule on P Proof. For each λ and each µ, the space A[λ, µ] is isomorphic to Q m [λ, µ] for sufficiently large m by Proposition 2.5.3. Since the range Γ n of λ and µ is finite and Q m [λ, µ] ⊂ Q m (λ − µ) is finite-dimensional, the space A n is also finitedimensional.
Exhaustive modules
We will define the notion of exhaustive modules and investigate the properties of the category of such modules over a weakly quasi-finite algebra A with Hamiltonian. In particular, we will show that the category of exhaustive A-modules and the category of A n -modules are equivalent if n ≥ g.
Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian and endow it with the left linear topology. Let us now consider the left linear filterwise completion A. We may analogously define the notion of exhaustive left A-modules as follows. Thus the notion of exhaustive left A-modules and that of exhaustive left Amodules have no essential differences.
Note 3.1.5 An exhaustive module is nothing else but a torsion module with respect to the left linear topology. (See [Gab] .)
Generalized eigenspaces of exhaustive modules
Let A be a compatible degreewise topological algebra. For a left A-module M and a nonnegative integer n, we set
Note that M is exhaustive if and only if M = n K n (M) and if this is the case then K n (M) = {v ∈ M | F −n−1 A · v = 0} by Lemma 3.1.2. Consider the case when (A, h) is a weakly quasi-finite algebra graded by Hamiltonian. Since the space K n (M) has a structure of a left Q n (0)-module, it decomposes into the sum of generalized eigenspaces:
(3.2.2) Hence if M is exhaustive then the whole space M also decomposes into the sum of generalized eigenspaces. Let us set
The following is one of the key observations in the present paper.
is a left Q n (0)-module. The rest is similar to Lemma 2.3.2. Consider the space M[λ] with λ ∈ Γ n . Then we have
Equivalence of categories
We will mean by the category of exhaustive left A-modules the full subcategory of the category of left A-modules consisting of exhaustive left A-modules.
Let M be an exhaustive left A-module. Then the space E n (M) is a left A nmodule. A homomorphism φ :
Thus we have a functor E n (−) from the category of exhaustive left A-module to the category of left A n -modules.
Proof. Suppose K 0 (M) = 0 and M = 0. Let v be a nonzero element of M. Since M is exhaustive, I n (A) · v = 0 and hence F −n−1 A · v = 0 for sufficiently large n. Take the maximal integer n for which F −n−1 A · v = 0. Then by the maximality
exhaustive left A-modules is an isomorphism if and only if E g (φ) is an isomorphism of vector spaces.
Proof. Assume that E g (φ) is an isomorphism of vector spaces. Then, by Lemma 3.3.1, we see Ker φ = 0 and Coker φ = 0 since K 0 (Ker φ) ⊂ E g (Ker φ) = Ker (E g (φ)) = 0 and K 0 (Coker φ) ⊂ E g (Coker φ) = Coker (E g (φ)) = 0.
Recall the (A, A n )-bimodule P n defined in Subsection 2.6, which is an exhaustive left A-module. Therefore, for a left A n -module X, the space P n ⊗ An X is an exhaustive left A-module. We note that A n = E n (P n ).
Lemma 3.3.3 For a left A n -module X, the map A n ⊗ An X → P n ⊗ An X induced by the inclusion A n → P n is injective.
is a direct sum decomposition of a right A n -module. Hence the map E n (P n ) ⊗ An X → P n ⊗ An X is injective. Now we come to the second main result of Part I. Recall the number g defined by (2.3.3).
Theorem 3.3.4 Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian and let n be an integer such that n ≥ g. Then the functors E n (−) and P n ⊗ An − are mutually inverse equivalences of categories between the category of exhaustive left A-modules and the category of left A n -modules.
Proof. Let X be a left A n -module. By Lemma 3.3.3, the map A n ⊗ An X → P n ⊗ An X is injective. Therefore
Let M be an exhaustive left A-module. Then by letting
Since n ≥ g, we have P n ⊗ An E n (M) ∼ = M by Lemma 3.3.2.
Corollary 3.3.5 Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian and let n be an integer such that n ≥ g. Then the module P n is a progenerator of the category of exhaustive left A-modules.
Let us consider the case when A is quasi-finite. Then the algebra A n is finitedimensional for all n by Proposition 2.6.3. Thus we have the following corollary.
Corollary 3.3.6 If (A, h) is a quasi-finite algebra graded by Hamiltonian then the category of exhaustive left A-modules is equivalent to the category of left modules over a finite-dimensional algebra.
We may likewise define the notion of exhaustive right A-modules and exhaustive right A ∨ -modules by using the spaces I ∨ n (A) and I ∨ n (A ∨ ), respectively. We have analogous results for the right modules as well.
Note 3.3.7 Theorem 3.3.4 may be understood to be a particular case of a topological variant of Morita equivalences. See [Gab] for general theory of equivalences between abelian categories and module categories and [Gre] and [Mez] for results closely related to Theorem 3.3.4.
Coexhaustive modules
We will now consider the notion of coexhaustive modules, which is dual to that of exhaustive modules. In this section, we will give the definition of coexhaustive modules and describe their topologies by means of the generalized eigenspaces. The precise duality will be considered in the next section under necessary finiteness assumptions.
Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian and let A ∨ be the right filterwise completion.
Let M be a left A ∨ -module endowed with a linear topology such that the action Let M be a compatible topological left A ∨ -module. Then we have
Obviously, the completion of a compatible topological left A ∨ -module has a canonical structure of a coexhaustive left A ∨ -module.
Generalized eigenspaces of coexhaustive modules
Let M be a coexhaustive left A ∨ -module. Consider the space 
is canonically isomorphic to E n (M).
Proof. By Lemma 4.2.1, we know that the map
Exhaustion and coexhaustion
We will mean by the category of coexhaustive left A ∨ -modules the category for which the objects are the coexhaustive left A ∨ -modules and the morphisms are the continuous homomorphisms of left A ∨ -modules.
Let M be an exhaustive left A-module and regard it as a left A-module by identifying A with a subalgebra of A via the canonical map A → A. We give M the linear topology defined by I 
′ and M ′′ be exhaustive left A-modules and let φ : M ′ → M ′′ be a homomorphism of left A-modules. Then φ gives rise to a continuous homomorphism of left A-modules. Hence it induces a continuous homomorphism
Conversely, let M be a coexhaustive left A ∨ -module and regard it as a left A-module via the canonical map A → A ∨ . Consider the space
Then this is an exhaustive left A-module and hence an exhaustive left A-module. Let ϕ : M ′ → M ′′ be a continuous homomorphism of coexhaustive left A ∨ -modules. We regard ϕ as a homomorphism of left A-modules via the canonical map
of left A-modules and hence a homomorphism of left A-modules. We call the functor K ∞ (−) the exhaustion functor. In particular, the category of coexhaustive left A ∨ -modules is an abelian category.
Let us set
We may likewise define the notion of coexhaustive right A-modules and coexhaustive right A-modules by using the spaces I n (A) and I n (A), respectively. We have analogous results for the right modules as well.
Duality for quasi-finite modules
We now consider finiteness conditions for exhaustive modules and for coexhaustive modules and discuss the duality between the categories of such modules.
Quasi-finiteness of exhaustive modules
Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian and let A and A ∨ be the left and the right filterwise completions, respectively.
Definition 5.1.1 A quasi-finite left A-module is an exhaustive left A-module M such that the spaces K n (M) are finite-dimensional for all n.
For an exhaustive right A ∨ -module N, we define the space K ∨ n (N) in the same way as K n (M) for an exhaustive left A-module M:
The following proposition characterizes the quasi-finiteness of an algebra by means of the quasi-finiteness of the canonical quotient modules. Proof. We will show the equivalence of (a) and (b). Since K m (Q n ) is an (H m , H n )-bimodule, the pair of the left and the right eigenvalues of h on K m (Q n ) are in the finite set Ω m × Ω n . Then if K m (Q n )(d) = 0 then d = λ − µ for some λ ∈ Ω m and µ ∈ Ω n . Therefore, we have
On the other hand, it is easy to see that Q n (d) ⊂ K n+d+1 (Q n ). Therefore we immediately see that K m (Q n ) are finite-dimensional for all m and n if and only if Q n (d) are finite-dimensional for all d and n. The proof for the equivalence of (a) and (c) is similar. Now consider the case when (A, h) is a quasi-finite algebra graded by Hamiltonian. Since E n (M) is a left A n -module and A n is finite-dimensional, E n (M) is finite-dimensional if and only if it is finitely generated as a left A n -module. (c) E n (M) are finite-dimensional for all n.
Proof. We will show (a)⇒(c)⇒(d)⇒(b)⇒(a). Assume that M is quasi-finite. Then E n (M) are finite-dimensional since E n (M) ⊂ K n (M) by Proposition 3.2.1. In particular, E g (M) is finite-dimensional. Next assume that E g (M) is finite-dimensional and let M ′ be the left A-submodule of M generated by E g (M).
′ ) = 0. By Lemma 3.3.1, we have M = M ′ and hence M is finitely generated. Now assume that M is finitely generated and let v 1 , . . . , v k be a set of generators. Since M is exhaustive, there exists n 1 , . . . , n k such that I n i (A) · v i = 0 for i = 1, . . . , k. This implies the existence of a surjective homomorphism Q n 1 × · · · × Q n k → M of left A-modules. Since A is quasi-finite and hence the modules Q n i are quasi-finite, so is the image M.
Quasi-finiteness of coexhaustive modules
Let us now turn to the quasi-finiteness of coexhaustive modules. For an exhaustive left A-module M, the canonical map E n (M) → P ∨ n (M) is an isomorphism. Therefore, Lemma 4.2.2 implies that E n (M) are finite-dimensional for all n if and only if P ∨ n (M) are finite-dimensional for all n. Therefore, the consideration in Subsection 4.3 implies the following result. We have analogous results for quasi-finite right A ∨ -modules and for quasi-finite right A-modules.
Duality
Let (A, h) be a weakly quasi-finite algebra graded by Hamiltonian. Let M be an exhaustive left A-module and consider its full dual space N : (5.3.4) We give N the linear topology defined by J n (N ). Thus we have shown that for any exhaustive left A-module, its full dual naturally becomes a coexhaustive right A-module.
Conversely, let N be a coexhaustive right A-module and consider the continuous dual space M:
Recall that the base field k is given the discrete topology. Take any element of M, which is given by a continuous map f : N → k. Then, for any a ∈ A, the map a · f : N → k is also continuous since, for a ∈ F p A, we have
for sufficiently large n. We then have
for all v. Therefore, the module M is exhaustive.
Thus we have defined contravariant functors Hom k (−, k) and Hom Note 5.3.3 A quasi-finite right A-module is nothing else but a linearly compact right A-module. We may understand the above-mentioned duality as a version of the Lefschetz duality [Lef] between discrete modules and linearly compact modules. See also [Mac] .
Involution
Let (A, h) be a quasi-finite algebra graded by Hamiltonian. Suppose given a linear involution θ : A → A satisfying the following conditions: Let us compose the involution, the duality and the exhaustion. Then we get an auto-duality
of the category of quasi-finite left A-modules. Note that K ∞ (Hom k (M, k)) is the restricted dual space:
Finiteness theorems
Let (A, h) be a quasi-finite algebra and consider the following categories.
L1. The category of quasi-finite left A-modules.
L2. The category of quasi-finite left A ∨ -modules.
L3. The category of finitely generated left A n -modules.
R1. The category of quasi-finite right A ∨ -modules.
R2. The category of quasi-finite right A-modules.
R3. The category of finitely generated right A n -modules.
Recall that quasi-finite left A-modules and right A ∨ -modules are exhaustive whereas quasi-finite left A ∨ -modules and right A-modules are coexhaustive.
The following theorem summarizes the results obtained so far regarding the quasi-finite modules over quasi-finite algebras.
Theorem 5.5.1 Let (A, h) be a quasi-finite algebra with Hamiltonian and let n be an integer such that n ≥ g.
(1) The categories L1, L2 and L3 are equivalent to each other.
(2) The categories R1, R2 and R3 are equivalent to each other.
(3) The categories L1, L2 and L3 and the categories R1, R2 and R3 are dual to each other.
Part II Quasi-finiteness and Zhu's finiteness condition 6 Vertex operator algebras and current algebras
We now turn our attention to vertex operator algebras. In this section, we will describe in detail the construction and properties of the universal enveloping algebra associated with a vertex operator algebra, which we will simply call the current algebra, in order to give precise statements which seem to have been overlooked in the literatures.
Vertex operator algebra
Recall that a vertex operator algebra is a graded vector space V with the grading being indexed by integers equipped with countably many bilinear maps indexed by integers and two distinguished elements, called the vacuum vector and the conformal vector (or the Virasoro element), satisfying a number of axioms ( [Bor] , [FLM] , [FHL] ), which we will describe briefly below. See [MaN] for an account. Let us denote the homogeneous subspaces of the grading of V by V [r] with r ∈ Z. It is assumed that there exists an m ∈ N such that V [r] = 0 for r < −m. Therefore, the grading of V is of the following form
(6.1.1)
We will write ∆(u) = r when u belongs to the subspace V [r] and call ∆(u) the weight of the element u. Let us denote the countably many bilinear maps by
It is assumed that they satisfy
. In other words, for homogeneous u and v, we have
Then the sums in the following expression are finite:
The bilinear maps (6.1.2) are assumed to satisfy this identity for any u, v, w ∈ V and any p, q, r ∈ Z. This set of identities is the main identity of vertex operator algebras called the Borcherds identity or the Cauchy-Jacobi identity. The vacuum vector 1 is an element of weight 0. It enjoys, for any u ∈ V , the relation u (−1) 1 = u and u (n) 1 = 0 for n ≥ 0. We set T u = u (−2) 1.
(6.1.5)
Then it follows that the operator T : V → V is a derivation with respect to the operations (n) for every n. The conformal vector ω is an element of weight 2. It satisfies ω (n) ω = 0, (n ≥ 4 or n = 2), ω (1) ω = 2ω, ω (3) ω ∈ k1. The weight subspaces are usually assumed to be finite-dimensional. Among the conditions regarding the Virasoro operators, only the one concerning the eigenvalues of L 0 will be used in the rest of the paper.
The current Lie algebras
Let us consider the space Then the bracket operation on V [t, t −1 ] induces a bilinear operation on g denoted by the same symbol which gives a structure of a Lie algebra on g ( [Bor] ). We will call the Lie algebra g the associated current Lie algebra. We will denote the image of an element of V [t, t −1 ] in g by the same symbol. Since n 1 ⊗ t n+1 = ∂(1 ⊗ t n ), we know that 1 ⊗ t n = 0 in g is zero unless n = −1, when 1 ⊗ t −1 is central.
It will be useful to introduce the following notation:
J n (u) = u ⊗ t n+∆(u)−1 (6.2.5) for a homogeneous u and extend it linearly. We denote its image in g by the same symbol and assign the degree −n to J n (u). Then the associated current Lie algebra is graded by the degree:
Note the relation [L 0 , J n (u)] = −nJ n (u) (6.2.7)
for the element L 0 = J 0 (ω), which follows from the axioms for vertex operator algebras. Let U be the quotient algebra of the universal enveloping algebra of the Lie algebra g by the two sided ideal generated by J 0 (1) − 1 and let us denote the image of J n (u) by the same symbol. We give the degree d 1 + · · · + d k to the element of the form J −d 1 (u 1 ) · · · J −d k (u k ) with u 1 , . . . , u k ∈ V . Let U(d) be the span of these vectors of degree d. Then we have
(6.2.8)
by which the algebra U becomes a graded algebra. Note that the relation (6.2.7) says that the image of L 0 is a Hamiltonian of U.
Consider the standard degreewise topology on U and letÛ denote the degreewise completion. (See Subsection 1.3.)
The current algebras
For u, v ∈ V , consider the following expressions inÛ for k, m, n:
(6.3.1)
Then the first sum in the right-hand side is actually a finite sum whereas the second and the last are infinite sums which converge in the linear topology ofÛ(−k−m−n). The relations B k,m,n (u, v) = 0 are nothing else but the Borcherds identities for the actions on a module where the sums in the right-hand side become finite sums when they act on a fixed element of a module. (See the next subsection for the definition of modules.) Let B be the ideal ofÛ generated by the elements of the form B k,m,n (u, v) with u, v ∈ V and integers k, m, n, and letB be the degreewise closure of B. ThenB is also an ideal ofÛ.
Remark 6.3.1 The ideal B is in fact generated by the elements of the form B k,m,n (u, v) with k = −∆(u)+1 and m, n ∈ Z. Alternatively, it is also generated by the elements of the form B k,m,n (u, v) with k, m ∈ Z and n ∈ Z \ N.
We now define the current algebra U associated with V to be the quotient algebra ofÛ by the idealB:
U =Û /B. (6.3.2)
Then U is a graded algebra, sinceB is a graded ideal, and the image of L 0 is a Hamiltonian.
Proposition 6.3.2 The algebra U is a compatible degreewise complete algebra with Hamiltonian.
Note 6.3.3 This construction is essentially due to Frenkel and Zhu [FrZ] . The left linear filterwise completion of U as in Subsection 1.5 is isomorphic to the current algebra U(V ) considered in [NaT] .
Denseness of the current Lie algebra
Let U be the current algebra associated with a vertex operator algebra V . Let us regard the current Lie algebra g as a subspace of U and let φ denote the composition of the canonical maps U →Û → U. By construction, U(d) is a dense subspace of U(d).
The following observation is insightful.
